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1. Show that every linear functional on a Banach space H is continuous if and
only if H is finite dimensional.

2. Let H = C([0,1]) with the supremum norm and consider the linear functional
¢ : H — C defined by

1
oh)= [ s
Prove that ¢ € H* and ||¢|| = 1. Hint: Coonsz'der the functions fo(t) = t* for o > 0.
3. Let M C H be a linear subspace of a Banach space . The annihilator M+ of
M is the subset of H* defined by
M+t :={peH :¢(f)=0 V¥V fe M}
Prove that M~ is a closed linear subspace of H*.

4. Let H be a Banach space. For each f € H, we can define a functional f H* > C
on the dual space H* by

f@)=9o(f) ¥ e
Prove that f belongs to #** := (H*)* (the second dual of H). Show that the map
f—1

is an injective linear map (linear embedding) of H into H**.



