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Exercise 1. Let (#,(-,-,)%) be a Hilbert space, (B, || - ||g) a Banach space and T : H — B
an isometric linear isomorphism. Prove that (B, ] - ||g) is also a Hilbert space.

(Recall that T being an isometry means that |T'(R)||g = ||h||% for every h € H, where || - || denotes the
norm induced by (-, -, )3.)

Exercise 2. Let A = {\, }nen be a real sequence with 0 < A, < 1 for all n € N. On the space
of square-summable complex sequences (see also Problem sheet 1, exercise 1)

+oo
2(C) := {{zn}neN C C such that Z lzn|? < oo}
n=0

define the inner product

<{Zn}n€N7 {wn}neN>/\ = Z A ZnWn, -
n=0

Is it true that (¢2(C), (-,-))) is a Hilbert space ?

Exercise 3. Let (X, (-,-,)) be an inner product space over F (where F = C or R). Given
x,y € X, prove that the following statements are equivalent:

(a) x Ly (i.e., they are orthogonal, namely (x,y) = 0).
(b) Forall A € F, ||z + A\y|| = ||z — A\y||

(c) Forall A e F, ||l + A\y|| > ||z

Exercise 4. Let (H,(-,+,)) be a Hilbert space and M a closed vector subspace of H. Prove
that the quotient space H/M is also a Hilbert space and that it is isometrically isomorphic to
M+t ={heH: (hym)=0Vme M}.

What happens if M is not closed?

(Recall that H/M is the set of equivalence classes with respect to the equivalence relation: x ~ vy if and
ony if v —y € M.)



